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(2003) [13], Xu and Ori (2001) [14], Zhao et al. (2008) [15], Zhao
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1. Introduction
Let K be a nonempty closed convex subset of a real normed linear space E, and T : K → K a
mapping. Denote by F(T ) the set of fixed points of T and by F the set of common fixed points of the
two finite families of mappings

Tj : j ∈ J

and

Sj : j ∈ J

of K . Throughout this paper N denotes the
set of natural numbers and J = {1, 2, . . . ,N}, the set of first N natural numbers.
Recall that T : K → K is said to be nonexpansive if ‖Tx− Ty‖ ≤ ‖x− y‖ , ∀x, y ∈ K and that T is
asymptotically nonexpansive [6], if there exists a positive sequence hn ⊂ [1,∞)with limn→∞ hn = 1
such that ‖T nx− T ny‖ ≤ hn ‖x− y‖ , ∀x, y ∈ K , n ∈ N.
In [6], Goebel and Kirk proved that, if K is a nonempty closed convex bounded subset of a real
uniformly convex Banach space E and T is an asymptotically nonexpansive self-mapping of K , then
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T has a fixed point in K . Since then, many authors proved weak and strong convergence theorems
for implicit (explicit) iterative processes for nonexpansive semigroups, nonexpansive mappings,
asymptotically nonexpansive mappings, a finite family of asymptotically quasi-nonexpansive
mappings and a finite family of asymptotically nonexpansive mappings in Banach spaces (see [1,2,7,
11,13,14,17,18]) which generalize, extend and improve the result of Goebel and Kirk in several ways.
In 2001, Soltuz [12] introduced the following Mann type implicit process
xn = αnxn−1 + (1− αn)Txn, n ∈ N. (1.1)
Concerning the finite families of nonexpansive mappings

Tj : j ∈ J

, Xu and Ori [14] introduced
the following implicit iteration process:
xn = αnxn−1 + (1− αn)Tnxn, n ∈ N, (1.2)
where Tn = Tn(mod N) and the modN function takes values in J . Xu and Ori [14] obtained a weak
convergence theorem in a real Hilbert space.
Sun [13] improved the results of Xu and Ori [14] from nonexpansive mappings to a finite family
of asymptotically quasi-nonexpansive mappings

Tj
N
j=1 in Banach spaces using the implicit iterative
process:
xn = αnxn−1 + (1− αn) T k(n)j(n) xn, n ∈ N, (1.3)
where n = (k− 1)N + j, j ∈ J and Tn = Tn(mod N).
Zhao et al. [15] introduced the iteration process:
xn = αnxn−1 + βnTnxn−1 + γnTnxn, n ∈ N, (1.4)
where Tn = Tnmod N , for common fixed points of a finite family of nonexpansive mappings

Tj
N
j=1 in
Banach spaces. They proved weak and strong convergence theorems and extended the results of Xu
and Ori [14].
Recently, Zhao and Wang [16] introduced the following implicit iteration process for fixed points
of an asymptotically nonexpansive mapping T in Banach spaces. For arbitrarily chosen x0 ∈ K , {xn} is
defined as follows:
xn = αnxn−1 + βnT n−1xn−1 + γnT nxn, n ∈ N, (1.5)
where {αn} , {βn} , {γn} are three real sequences in [0, 1] satisfying αn + βn + γn = 1 for n ∈ N. They
obtained some strong convergence theorems.
Inspired by the above works, we introduce, in this paper, a new implicit iterative process for two
finite families of asymptotically nonexpansive mappings

Sj : j ∈ J

and

Tj : j ∈ J

as follows:
x1 = α1x0 + β1x0 + γ1T1x1,
...
xN = αNxN−1 + βNxN−1 + γNTNxN ,
xN+1 = αN+1xN + βN+1S1xN + γN+1T 21 xN+1,
...
x2N = α2Nx2N−1 + β2NSNx2N−1 + γ2NT 2Nx2N ,
x2N+1 = α2N+1x2N + β2N+1S21x2N + γ2N+1T 31 x2N+1,
...
which can be written in compact form as:
xn = αnxn−1 + βnSk(n)−1j(n) xn−1 + γnT k(n)j(n) xn, n ∈ N, (1.6)
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wheren = (k− 1)N+j, j ∈ J and Tn = Tn(mod N), Sn = Sn(mod N). For two asymptotically nonexpansive
mappings S and T , this iterative process becomes:
xn = αnxn−1 + βnSn−1xn−1 + γnT nxn, n ∈ N, (1.7)
where αn + βn + γn = 1.
Remark 1. Note that the implicit iteration process (1.6) is a generalization of all the implicit iteration
processes (1.1)–(1.5). The process (1.7) is although a special case of (1.6), yet it generalizes in itself the
two processes (1.1) and (1.5).
Let

Tj
N
j=1 and

Sj
N
j=1 be two finite families of asymptotically nonexpansive mappings from K
into itself. Then there exists two sequences

k(j)n

and

r (j)n

⊂ [1,∞)with k(j)n → 1 and r (j)n → 1 as
n →∞ such thatT nj x− T nj x ≤ k(j)n ‖x− y‖ , n ∈ N
and Snj x− Snj x ≤ r (j)n ‖x− y‖ , n ∈ N.
If we take hn = max

k(1)n , k
(2)
n , . . . , k
(N)
n , r
(1)
n , r
(2)
n , . . . , r
(N)
n

, then {hn} ⊂ [1,∞) with hn → 1 as
n →∞ and bothT nj x− T nj x ≤ hn ‖x− y‖ , n ∈ N,
and Snj x− Snj x ≤ hn ‖x− y‖ , n ∈ N,
hold for all x, y ∈ K and for each j ∈ N.
Taking L = supn≥1 hn, we haveT nj x− T nj x ≤ L ‖x− y‖ , n ∈ N,
and Snj x− Snj x ≤ L ‖x− y‖ , n ∈ N.
Now, we show that the implicit iterative processes (1.7) and (1.6) can be employed for the
approximation of common fixed points of two asymptotically nonexpansive mappings and two finite
families of these mappings.
Let E be a Banach space, K a nonempty closed convex subset of E and T , S : K → K be two
asymptotically nonexpansive mappings. Let {xn} be defined by (1.7). Then x1 = α1x0 + β1Sn−1x0 +
γ1T nx1. Define a mapping W1 : K → K by W1x = α1x0 + β1Sn−1x0 + γ1T nx for all x ∈ K , where
α1+ β1+ γ1 = 1. Existence of x1 is guaranteed ifW1 has a fixed point. Now for any x, y ∈ K , we have
‖W1x−W1y‖ =
γ1 T nx− T ny
= γ1
T nx− T ny
≤ γ1hn ‖x− y‖ .
If γ1hn < 1,W1 is a contraction. By Banach contractionmapping principle,we see thatW1 has a unique
fixed point. Thus the existence of x1 is established. Similarly, the existence of x2,x3, . . . is established.
Thus the implicit iteration processes (1.7) and (1.6) are well-defined.
Let K be a nonempty closed subset of a real Banach space E.T : K → K is said to be semicompact
if for any bounded sequence {xn} ⊂ K with limn→∞ ‖xn − Txn‖ = 0, there exists a subsequence

xnj

of {xn} such that

xnj

converges strongly to p ∈ K .
Let

Tj : j ∈ J

and

Sj : j ∈ J

be two finite families of nonexpansivemappings ofK with nonempty
fixed points set F . We say that these families satisfy Condition (B′) on K if there exists a nondecreasing
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function f : [0,∞)→ [0,∞)with f (0) = 0 and f (t) > 0 for all t > 0 such that
either max
k∈J
‖x− Tkx‖ ≥ f (d (x, F)) or max
k∈J
‖x− Skx‖ ≥ f (d (x, F))
for all x ∈ K . The Condition (B′) reduces to the Condition (A′) [5]: either ‖x− Tx‖ ≥ f (d (x, F)) or
‖x− Sx‖ ≥ f (d (x, F))when T1 = T2 = · · · = TN = T and S1 = S2 = · · · = SN = S and to Condition
(B) [4]: maxk∈J ‖x− Tkx‖ ≥ f (d (x, F))when Sk = Tk for all k ∈ J .
We need the following lemmas for our main results.
Lemma 1 ([9]). Let {an} , {bn} and {cn} be sequences of nonnegative real numbers satisfying
cn+1 ≤ (1+ an) cn + bn, n ∈ N.
If
∑∞
n=1 an <∞ and
∑∞
n=1 bn <∞, then limn→∞ cn exists. If, in addition, {cn} has a subsequence which
converges strongly to zero, then limn→∞ cn = 0.
Lemma 2 ([2]). Let E be a uniformly convex Banach space, K a nonempty closed convex subset of E, and
let T : K → E be an asymptotically nonexpansive mapping. Then I − T is demiclosed at zero, that is, for
each sequence {xn} in K , if {xn} converges weakly to q ∈ K and {(I − T ) xn} converges strongly to 0, then
Tq = q.
Lemma 3 ([11]). Let E be a uniformly convex Banach space and let a, b be two constants with 0 < a <
b < 1. Suppose that {tn} ⊂ [a, b] is a real sequence and {xn} , {yn} are two sequences in E. Then the
conditions
lim
n→∞ ‖tnxn + (1− tn) yn‖ = d, lim supn→∞ ‖xn‖ ≤ d, lim supn→∞ ‖yn‖ ≤ d
imply that limn→∞ ‖xn − yn‖ = 0, where d ≥ 0 is a constant.
2. Main results
Lemma 4. Let E be a real uniformly convex Banach space and K a nonempty closed convex subset of E.
Let

Tj : j ∈ J

and

Sj : j ∈ J

be two finite families of asymptotically nonexpansive mappings of K with
sequence {hn} ⊂ [1,∞) such that∑∞n=1 (hn − 1) <∞ and F = ∩Nj=1 F Tj ∩ ∩Nj=1 F Sj ≠ ∅. Let{αn} , {βn} , {γn} be three real sequences in (0, 1) satisfying αn + βn + γn = 1, 0 < a ≤ γn ≤ b < 1,
where a, b are some constants and γnhn < 1 for all n ∈ N. From arbitrary x0 ∈ K , define the sequence
{xn} by (1.6). Then
(i) limn→∞ ‖xn − p‖ exists for each p ∈ F .
(ii) limn→∞ d (xn, F) exists, where d (xn, F) = infp∈F ‖xn − p‖.
Proof. (i) Let p ∈ F and hn = 1 + un. Since∑∞n=1 (hn − 1) < ∞, so∑∞n=1 un < ∞. It follows from
(1.6) that
‖xn − p‖ ≤ αn ‖xn−1 − p‖ + βn
Sk(n)−1j(n) xn−1 − p+ γn T k(n)j(n) xn − p
≤ αn ‖xn−1 − p‖ + βnhn−1 ‖xn−1 − p‖ + γnhn ‖xn − p‖
= (αn + βnhn−1) ‖xn−1 − p‖ + γnhn ‖xn − p‖
and this implies that (1− γnhn) ‖xn − p‖ ≤ (αn + βnhn−1) ‖xn−1 − p‖. Since γnhn < 1 for all n ∈ N,
therefore
‖xn − p‖ ≤ αn + βnhn−11− γnhn ‖xn−1 − p‖
= αn + βn + βnun−1
1− γn − γnun ‖xn−1 − p‖
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=
1+
γn
1− γn − γnun un
+ βn
1− γn − γnun un−1
 ‖xn−1 − p‖ . (2.1)
Since
∑∞
n=1 un <∞, there exists a positive integerM such that un ≤ M for all n ≥ 1. Also γn ≤ b, so
γn + γnun ≤ b+ ε, where ε = bM . Using (2.1), we get
‖xn − p‖ ≤

1+ γn
1− b− ε un +
βn
1− b− ε un−1

‖xn−1 − p‖
≤

1+ 1
1− b− ε un +
1
1− b− ε un−1

‖xn−1 − p‖ . (2.2)
Since
∑∞
n=1
 1
1−b−εun + 11−b−εun−1

< ∞, it follows from Lemma 1 that limn→∞ ‖xn − p‖ exists
for each p ∈ F .
(ii) Taking infimum over all p ∈ F in (2.2), we have
d (xn, F) ≤

1+ 1
1− b− ε un +
1
1− b− ε un−1

d (xn−1, F) . (2.3)
It follows from (2.2) and Lemma 1 that limn→∞ d (xn, F) exists. 
We need the following theorem in order to prove some strong and weak convergence
theorems.
Theorem 1. Let E be a real uniformly convex Banach space and K a nonempty closed convex subset of E.
Let

Tj : j ∈ J

and

Sj : j ∈ J

be two finite families of asymptotically nonexpansive mappings of K with
sequence {hn} ⊂ [1,∞) such that∑∞n=1 (hn − 1) <∞ and F = ∩Nj=1 F Tj ∩ ∩Nj=1 F Sj ≠ ∅. Let{αn} , {βn} , {γn} be three real sequences satisfying αn + βn + γn = 1, 0 < a ≤ αn, βn, γn ≤ b < 1,
where a, b are some constants and γnhn < 1 for all n ∈ N. From arbitrary x0 ∈ K, define the sequence
{xn} by (1.6). Then
lim
n→∞ ‖xn − Tkxn‖ = limn→∞ ‖xn − Skxn‖ = 0
for any k ∈ J .
Proof. From (i), we know that limn→∞ ‖xn − p‖ exists for each p ∈ F . Let limn→∞ ‖xn − p‖ = d.
Then,
lim
n→∞ ‖xn − p‖ = limn→∞
αn (xn−1 − p)+ βn Sk(n)−1j(n) xn−1 − p+ γn T k(n)j(n) xn − p
= lim
n→∞
(1− γn)
[
αn
1− γn (xn−1 − p)+
βn
1− γn

Sk(n)−1j(n) xn−1 − p
]
+ γn

T k(n)j(n) − p

= d. (2.4)
Since T is an asymptotically nonexpansive mapping, we have
lim sup
n→∞
T k(n)j(n) − p ≤ lim sup
n→∞
hn ‖xn − p‖ = d, (2.5)
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and
lim sup
n→∞
 αn1− γn (xn−1 − p)+ βn1− γn

Sk(n)−1j(n) xn−1 − p

≤ lim sup
n→∞

αn
1− γn +
βnhn−1
1− γn

‖xn−1 − p‖
= lim sup
n→∞

1+ βn
1− γn un−1

‖xn−1 − p‖ = d. (2.6)
It follows from (2.4)–(2.6) and Lemma 3 that
lim
n→∞
 αn1− γn (xn−1 − p)+ βn1− γn

Sk(n)−1j(n) xn−1 − p

−

T k(n)j(n) xn − p
 = 0.
That is,
lim
n→∞
 αn1− γn xn−1 + βn1− γn Sk(n)−1j(n) xn−1 − T k(n)j(n) xn

= lim
n→∞

1
1− γn
αnxn−1 + βnSk(n)−1j(n) xn−1 − (1− γn) T k(n)j(n) xn = 0.
Since 0 < a ≤ γn ≤ b < 1, we have 1/ (1− a) ≤ 1/ (1− γn) ≤ 1/ (1− b). Therefore,
lim
n→∞
xn − T k(n)j(n) xn = 0. (2.7)
In a similar way, we have
lim
n→∞
xn − Sk(n)−1j(n) xn−1 = 0. (2.8)
Next,
‖xn − xn−1‖ =
αnxn−1 + βnSk(n)−1j(n) xn−1 + γnT k(n)j(n) xn − xn−1
≤ βn
Sk(n)−1j(n) xn−1 − xn−1+ γn T k(n)j(n) xn − xn−1
≤ βn
Sk(n)−1j(n) xn−1 − xn+ βn ‖xn − xn−1‖ + γn T k(n)j(n) xn − xn+ γn ‖xn − xn−1‖
= βn
Sk(n)−1j(n) xn−1 − xn+ γn xn − T k(n)j(n) xn+ (1− αn) ‖xn − xn−1‖ ,
and so,
αn ‖xn − xn−1‖ ≤ βn
xn − Sk(n)−1j(n) xn−1+ γn xn − T k(n)j(n) xn .
From the condition 0 < a ≤ αn, we have
‖xn − xn−1‖ ≤ βn
αn
xn − Sk(n)−1j(n) xn−1+ γnαn
xn − T k(n)j(n) xn .
By using (2.7) and (2.8), we obtain
lim
n→∞ ‖xn − xn−1‖ = 0. (2.9)
On the other hand,xn−1 − T k(n)−1j(n) xn = αn−1xn−2 + βn−1Sk(n)−2j(n) xn−2 + γn−1T k(n)−1j(n) xn−1 − T k(n)−1j(n) xn
≤ αn−1
xn−2 − T k(n)−1j(n) xn+ βn−1 Sk(n)−2j(n) xn−2 − T k(n)−1j(n) xn
246 I. Yildirim, S.H. Khan / Expositiones Mathematicae 29 (2011) 240–251
+ γn−1
T k(n)−1j(n) xn−1 − T k(n)−1j(n) xn
≤ αn−1
xn−1 − T k(n)−1j(n) xn+ αn−1 ‖xn−1 − xn−2‖
+βn−1
Sk(n)−2j(n) xn−2 − xn−1
+βn−1
xn−1 − T k(n)−1j(n) xn+ γn−1hn−1 ‖xn−1 − xn‖ ,
so we have
γn−1
xn−1 − T k(n)−1j(n) xn ≤ αn−1 ‖xn−1 − xn−2‖ + βn−1 xn−1 − Sk(n)−2j(n) xn−2
+ γn−1hn−1 ‖xn − xn−1‖ .
Hence by (2.8) and (2.9)
lim
n→∞
xn−1 − T k(n)−1j(n) xn = 0. (2.10)
In a similar way, we have
lim
n→∞
xn−1 − Sk(n)−2j(n) xn−1 = 0. (2.11)
Finally, we show that limn→∞ ‖xn − Tnxn‖ = 0 and limn→∞ ‖xn − Snxn‖ = 0.
‖xn − Tnxn‖ ≤
xn − T k(n)j(n) xn+ T k(n)j(n) xn − Tnxn
≤
xn − T k(n)j(n) xn+ h1 T k(n)−1j(n) xn − xn
≤
xn − T k(n)j(n) xn+ h1 T k(n)−1j(n) xn − xn−1+ ‖xn−1 − xn‖ . (2.12)
By using (2.7), (2.9) and (2.10), we have
lim
n→∞ ‖xn − Tnxn‖ = 0. (2.13)
Moreover,
‖xn − Snxn‖ ≤
xn−1 − Sk(n)−1j(n) xn−1+ Sk(n)−1j(n) xn−1 − Snxn
≤
xn − Sk(n)−1j(n) xn−1+ h1 Sk(n)−2j(n) xn−1 − xn
≤
xn − Sk(n)−1j(n) xn−1+ h1 Sk(n)−2j(n) xn−1 − xn−1+ ‖xn−1 − xn‖ .
Hence by (2.8), (2.9) and (2.11)
lim
n→∞ ‖xn − Snxn‖ = 0. (2.14)
From (2.9), it follows that for any j ∈ J ,
lim
n→∞
xn − xn+j = 0. (2.15)
Since, for any j ∈ J ,xn − Tn+jxn ≤ xn − xn+j+ xn+j − Tn+jxn+j+ Tn+jxn+j − Tn+jxn
≤ xn − xn+j+ xn+j − Tn+jxn+j+ h1 xn − xn+j
= (1+ h1)
xn − xn+j+ xn+j − Tn+jxn+j , (2.16)
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it follows from (2.13) and (2.15) that
lim
n→∞
xn − Tn+jxn = 0, j ∈ J.
Because Tn = Tn(mod N), for any j ∈ J , we have
lim
n→∞ ‖xn − Tkxn‖ = 0. (2.17)
Also, if Tn+j := Sn+j in the inequality (2.16), we obtain
lim
n→∞ ‖xn − Skxn‖ = 0. (2.18)
This completes the proof. 
Now we give some convergence theorems for two finite families of asymptotically nonexpansive
mappings.
Theorem 2. Let E be a real uniformly convex Banach space which satisfies Opial’s condition and K be a
nonempty closed convex subset of E. Let

Tj : j ∈ J

and

Sj : j ∈ J

be two finite families of asymptotically
nonexpansive mappings of K with sequence {hn} ⊂ [1,∞) such that ∑∞n=1 (hn − 1) < ∞ and F =∩Nj=1 F Tj∩ ∩Nj=1 F Sj ≠ ∅. Let {αn} , {βn} , {γn} be three real sequences satisfying αn+βn+ γn =
1, 0 < a ≤ αn, βn, γn ≤ b < 1, where a, b are some constants and γnhn < 1 for all n ∈ N. Then the
implicit iterative process {xn} defined by (1.6) converges weakly to a q ∈ F .
Proof. Let q ∈ F . Then, as proved in Lemma 4, limn→∞ ‖xn − q‖ exists. We prove that {xn} has a
unique weak subsequential limit in F . Since {xn} is a bounded sequence in a uniformly convex Banach
space E, there exist two convergent subsequences {xni} and {xnj} of {xn}. Let w1 ∈ K and w2 ∈ K be
weak limits of these subsequences respectively. From (2.18), limn→∞ ‖xn − Skxn‖ = 0 and I − S is
demiclosed with respect to zero by Lemma 2, so we obtain Skw1 = w1. Similarly, Tkw1 = w1. That is,
w1 ∈ F . In the same way, we can prove thatw2 ∈ F .
Next, we prove the uniqueness. For this, suppose that w1 ≠ w2. Then, by Opial’s condition, we
have
lim
n→∞ ‖xn − w1‖ = limi→∞ ‖xni − w1‖
< lim
i→∞ ‖xni − w2‖
= lim
n→∞ ‖xn − w2‖
= lim
j→∞ ‖xnj − w2‖
< lim
j→∞ ‖xnj − w1‖
= lim
n→∞ ‖xn − w1‖,
which is a contradiction. Hence {xn} converges weakly to a point of F . 
Theorem 3. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset
of E. Let

Tj : j ∈ J

and

Sj : j ∈ J

be two finite families of asymptotically nonexpansive mappings
of K that satisfy Condition (B′) and the sequence {hn} ⊂ [1,∞) such that ∑∞n=1 (hn − 1) < ∞
and F = ∩Nj=1 F Tj ∩ ∩Nj=1 F Sj ≠ ∅. Let {αn} , {βn} , {γn} be three real sequences satisfying
αn + βn + γn = 1, 0 < a ≤ αn, βn, γn ≤ b < 1, where a, b are some constants and γnhn < 1 for
all n ∈ N. Then the implicit iterative process {xn} defined by (1.6) converges strongly to a common fixed
point of

Tj : j ∈ J

and

Sj : j ∈ J

.
Proof. Let p ∈ F . As proved in Lemma 4, we have that ‖xn − p‖ ≤ ‖xn−1 − p‖ for all n ∈ N. This
implies that
d (xn, F) ≤ d (xn−1, F) .
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Thus limn→∞ d (xn, F) exists. Because

Tj : j ∈ J

and

Sj : j ∈ J

satisfy Condition (B′), therefore
either f (d (xn, F)) ≤ max
k∈J
‖xn − Tkxn‖ or f (d (xn, F)) ≤ max
k∈J
‖xn − Skxn‖ .
It follows from (2.17) and (2.18) that limn→∞ f (d (xn, F)) = 0. Since f is a nondecreasing function
and f (0) = 0, so limn→∞ d(xn, F) = 0. Now we show that {xn} is a Cauchy sequence in K . Let ϵ > 0
be arbitrarily chosen. Since limn→∞ d(xn, F) = 0, there exists a positive integer n0 such that
d(xn, F) <
ϵ
4
, ∀n ≥ n0.
In particular, inf{‖xn0 − p‖ : p ∈ F} < ϵ4 . Thus there must exist p∗ ∈ F such thatxn0 − p∗ < ϵ2 .
Now, for allm, n ≥ n0, we have
‖xn+m − xn‖ ≤
xn+m − p∗+ xn − p∗
≤ 2 xn0 − p∗
< 2
ϵ
2

= ϵ.
Hence {xn} is a Cauchy sequence in a closed subset K of a Banach space E and so it must converge to
a point q in K . But limn→∞ d(xn, F) = 0 gives that d(q, F) = 0, so that q ∈ F . This completes the
proof. 
Theorem 4. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset
of E. Let

Tj : j ∈ J

and

Sj : j ∈ J

be two finite families of asymptotically nonexpansive mappings of K
with sequence {hn} ⊂ [1,∞) such that∑∞n=1 (hn − 1) <∞ and F = ∩Nj=1 F Tj∩ ∩Nj=1 F Sj ≠ ∅.
Let {αn} , {βn} , {γn} be three real sequences satisfying αn + βn + γn = 1, 0 < a ≤ αn, βn, γn ≤ b < 1,
where a, b are some constants and γnhn < 1 for all n ∈ N. Assume that either K is compact or one of the
mappings in

Tj : j ∈ J

and

Sj : j ∈ J

is semicompact. Then the implicit iterative process {xn} defined
by (1.6) converges strongly to a common fixed point of

Tj : j ∈ J

and

Sj : j ∈ J

.
Proof. For any k ∈ J , we suppose that Tk and Sk are semicompact. Then from (2.17) and (2.18)
lim
n→∞ ‖xn − Tkxn‖ = limn→∞ ‖xn − Skxn‖ = 0.
From the semicompactness of Tk and Sk, there exists a subsequence

xnj

of {xn} such that

xnj

converges strongly to a q ∈ K . Again, using (2.17) and (2.18), we have
lim
j→∞
xnj − Tkxnj = ‖q− Tkq‖ = 0 and limj→∞ xnj − Skxnj = ‖q− Skq‖ = 0
for all k ∈ J . This implies that q ∈ F . Since limj→∞
xnj − q = 0 and limn→∞ ‖xn − q‖ exists for all
q ∈ F by (i) in Lemma 4, therefore
lim
n→∞ ‖xn − q‖ = 0.
This completes the proof. 
If we take S = T , we get the following results.
Corollary 1. Let E be a real uniformly convex Banach space which satisfies Opial’s condition and K be
a nonempty closed convex subset of E. Let

Tj : j ∈ J

be a finite family of asymptotically nonexpansive
mappings of K with sequence {hn} ⊂ [1,∞) such that ∑∞n=1 (hn − 1) < ∞ and F = ∩Nj=1 F Tj ≠ ∅.
Let {αn} , {βn} , {γn} be three real sequences satisfying αn + βn + γn = 1, 0 < a ≤ γn ≤ b < 1, where
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a, b are some constants and γnhn < 1 for all n ∈ N. Let x0 ∈ K and let {xn} be defined by
xn = αnxn−1 + βnT k(n)−1j(n) xn−1 + γnT k(n)j(n) xn,
where n = (k− 1)N + j, j ∈ J and Tn = Tn(mod N). Then the implicit iterative process {xn} converges
weakly to a common fixed point of

Tj : j ∈ J

.
Remark 2. Corollary 1 improves and extends Theorem 2.3 of [15] and some results of [16] to a finite
family of asymptotically nonexpansive mappings.
Corollary 2. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset
of E. Let

Tj : j ∈ J

be a finite family of asymptotically nonexpansive mappings of K with the sequence
{hn} ⊂ [1,∞) such that ∑∞n=1 (hn − 1) < ∞ and that satisfy Condition (B). Let F = ∩Nj=1 F Tj ≠ ∅.
Let {αn} , {βn} , {γn} be three real sequences satisfying αn + βn + γn = 1, 0 < a ≤ γn ≤ b < 1, where
a, b are some constants and γnhn < 1 for all n ∈ N. Let x0 ∈ K and let {xn} be defined by
xn = αnxn−1 + βnT k(n)−1j(n) xn−1 + γnT k(n)j(n) xn,
where n = (k− 1)N + j, j ∈ J and Tn = Tn(mod N). Then the implicit iterative process {xn} converges
strongly to a common fixed point of

Tj : j ∈ J

.
Remark 3. Corollary 2 extends some results of [15] and Theorem 3.2 of [16] to a finite family of
asymptotically nonexpansive mappings.
Corollary 3. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset
of E. Let

Tj : j ∈ J

be a finite family of asymptotically nonexpansive mappings of K with sequence
{hn} ⊂ [1,∞) such that ∑∞n=1 (hn − 1) < ∞ and F = ∩Nj=1 F Tj ≠ ∅. Let {αn} , {βn} , {γn} be three
real sequences satisfying αn + βn + γn = 1, 0 < a ≤ αn, βn, γn ≤ b < 1, where a, b are some constants
and γnhn < 1 for all n ∈ N. Assume that either K is compact or one of the mappings in

Tj : j ∈ J

is
semicompact. Let x0 ∈ K and let {xn} be defined by
xn = αnxn−1 + βnT k(n)−1j(n) xn−1 + γnT k(n)j(n) xn,
where n = (k− 1)N + j, j ∈ J and Tn = Tn(mod N). Then the implicit iterative process {xn} converges
strongly to a common fixed point of

Tj : j ∈ J

.
Remark 4. Corollary 3 generalizes Theorem 2.5 of [15] and Theorem 3.3 of [16] to a finite family of
asymptotically nonexpansive mappings.
Choosing S = I , the identity mapping on K , we can obtain the following result.
Corollary 4 ([13, Theorem 3.4]). Let E be a real uniformly convex Banach space and K be a nonempty
bounded closed convex subset of E. Let

Tj : j ∈ J

be a finite family of asymptotically nonexpansive
mappings of K with nonempty fixed points set ∩Nj=1 F

Tj

and there exists one member T in

Tj : j ∈ J

to
be semicompact. Let the sequence {hn} ⊂ [1,∞) such that ∑∞n=1 (hn − 1) < ∞ and {αn} ⊂ (s, 1− s)
for some s ∈ (0, 1). Let x0 ∈ K and {xn} be defined by
xn = αnxn−1 + (1− αn) T k(n)j(n) xn,
where n = (k− 1)N + j, j ∈ J and Tn = Tn(mod N). Then the implicit iterative process {xn} converges
strongly to a common fixed point of

Tj : j ∈ J

.
Remark 5. All the results proved in this paper can also be proved for the iteration process with error
terms. In this case our main iteration process (1.6) looks like
xn = αnxn−1 + βnSk(n)−1j(n) xn−1 + γnT k(n)j(n) xn + un, n ∈ N, (2.19)
where {un} is a bounded sequence and αn + βn + γn = 1.
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Remark 6. If we take S = I , the identitymapping, the iteration process (2.19) reduces to the following
process:
xn = αnxn−1 + (1− αn) T k(n)j(n) xn + un, n ∈ N,
therefore, our main results using (2.19) improve and extend the corresponding results of Chang et al.
[3], Guo and Cho [8] and Zhou and Chang [17].
Remark 7. Since the iterative process (2.19) is computationally simpler than the one defined by Qin
et al. [10] as follows:
xn = αnxn−1 + (1− αn) T k(n)j(n) yn + un,
yn = βnxn + (1− βn) Sk(n)j(n) xn + vn, n ∈ N,
therefore our results using (2.19) are better.
Finallywe give the following remark about the case of two asymptotically nonexpansivemappings.
Remark 8. We can prove all the above results to the case of two asymptotically nonexpansive
mappings by choosing T1 = T2 = · · · = TN = T and S1 = S2 = · · · = SN = S and then using
(1.7). This will generalize Theorem 2.1 of [15] to asymptotically nonexpansive mappings. Since the
conditions 0 < a ≤ αn, βn, γn ≤ b < 1 for all n ∈ N are weaker than the conditions s ≤ γn ≤ 1 − s
for all n ∈ N and some s ∈ (0, 1), therefore putting S = T together with these conditions, we get a
generalization of Theorem 3.2 [16].
Remark 9. Since every nonexpansive mapping is asymptotically nonexpansive, therefore all the
above results are true for nonexpansive mappings.
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